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1 Introduction

The considered here problems have strong applications to the different fields. As example, one
can mention the problem of finding the general limit of the numerical series and construction the
Fibonacci sequence. For the linear differential equation with a constant coefficients of ordinary
discrete additive derivatives (for the difference equations), these problems are referred to Cauchy.
The main problem of the discrete analysis is to solve the problems for ordinary or partial
derivative equations by replacing the derivatives with differences, at tending the step closer
to zero. The question of constructing the general limit of geometric series has lead us to the
question of Cauchy for the differential equation with discrete multiplicative derivative. It should
be noted that the obtained problem in some cases my be also nonlinear.

Thus, we will mainly deal with the problem for the nonlinear equations. It is possible that
even the given conditions are non-linear. In this case, the general solution, which depends on
the arbitrary constants (the number of these constants is equal to the order of the equation), is
determined, and then the constants entered into the general solution using the initial or Sarah
conditions (Aliyev & Fatemi, 2014).

2 Main results

Consider the following equation

(111

Y, } :fl)2207 (1)

where f;, 1 > 0 is given real valued series, y;, ¢ > 0 is seeking delviered series.
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Using the definition of the discrete multiplicative derivative (1) we can write equation (1) in
the followin form (Aliyev et al., 2018)

3
Y; .
yirs = fig 2 yii 2 0. (2)
Yit1
Let’s try to derive an analytical expression for the solution of (2) by giving values to i . For

i =0 from (2) we get
3

Y
= fo=2yo. (3)
Y1

For i =1 we get
3

Y
ya = f1501
Y2
Taking into account here (3) one can write

3 y
3 52)3/0

Yy y
yi =[5y = fi - —5—u = [1f§ ?;ZUS’- (4)
Ya Y5

If to set i = 2 in (2), then we obtain
3 3
Y Y
ys = fa=5y2.ys = fo=g 2.
Ys Y3

Taking into account here (3) and (4) we get

ys il %yg 6Uz yo
ys = fa=zy2 = fa- Tlg f2f1 (5)
& foﬁyo v

Finally, to assure the regularity of the analytical expression of the solution to (2), let’s set i = 3.
Then we get

3
Yy

Yo = f373 Y3
Ya

Considering here (3), (4) and (5) we get

18
yg’ f2 fl 18 | yzyiéo
— i 1
Yo = f373Y3 = f3- '
Yy fl ny2 v
y y
“fo 3y0—f3f2f1 50 2y 0 . (6)
1

Since we see what it is impossible to follow the change in regularity in expressions (3)-(6), we
will solve equation (1) in another way.
Let’s write equation (1) as follows

(5 = fii=o.
Using the definition of the discrete multiplicative derivative we ca rewrite
(1]
YR

i
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Setting values to ¢ we get

Multiplying these expressions side-by-side (after excluding similar terms), we get

y[U} i—1
o =11 e
Yo k=0
or
i =y H fini > 1. (7)
k=0
Introduce the denotations below
I1] 11
gi:gi<y([) : )—y([]]Hf (8)
Then equation (7) turns to
' =gii>1. (9)

Thus, we have reduced the third order discrete derivative equation (1) to the second order
discrete derivative equation (9) (Bashirov, 2013).

Now by applying the definition of the second-order discrete multiplicative derivative (1) in
the second-order discrete multiplicative derivative (9) we get (Bashirov & Riza, 2011)

y[I]
Yi
Similarly, giving values to ¢ we can write
s
N g1,
1
I
vl
[I} - 927
Y2
[U
7 = 93,
T
A
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(1]

Yior
[I] = Ggi—2,
Yia
g
[I] =3gi—-1-
Yi1

Multiplying these expressions side-by-side (after excluding some terms) we get the following
equation

y[[] 1—1
Z[I] = Hg87
Yi s=1
or
i—1
=y ] gsvi > 2. (10)
s=1

Thus, we reduced the third order discrete multiplicative derivative equation (1) to the first
order discrete multiplicative derivative equation (10) (Jahanshahi et al., 2011). If to denote here

i—1
I T .
hi=hi (119:) = ot [T 9 > 2 (11)
s=1
then the first-order discrete multiplicative derivative equation (10) will take the form
= hgi > 2. (12)

Finally, if we apply definition discrete multiplicative derivative to thefirst-order discrete
multiplicative derivative equation (12) we get

Yi+1 _ hii > 2.

Yi
Setting values to i we get
% - h?a
Y2
% = h37
Y3
Yi—1
’ = hi*?)
Yi—2
Yi _ hi 1.
Yi—1

By multiplying these expressions side-by-side we obtain

i—1
it
- — mo
Y2 o5

or
i—1

yi=y2 [ hm:i > 3. (13)
m=2
Thus, for the general solution of the third order of discrete multiplicative derivative equation
(1) we get expression (13). Here are defined by (11), are defined by via (7) and are arbitrary
constants (Dezin, 1980).
Thus, we proved the following
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Theorem 1. If is a given real valued series, then the general solution to equation (1) is of the
form (13). Here h; are defined by (11), g; are defined by (8) and y([)H],yF and yy are arbitrary

constants (Hosseini et al., 2017)

Cauchy problem. Now we set the following boundary conditions

Y = i, k = 0,2 (14)

to equation (1). Here ag,k = 0,2 are given real numbers (Jahanshahi et al., 2011) Then the
solution to Cauchy problem (1), (14) will be obtained from (13) that is the general solution to
(1) (Oskouei & Aliev, 2008). First of all if to consider in (8) that

(1 _ YoY2 _ pQ2
Yo = —3

vioooof
The for g; we get
i—1
Qoo .
9=~ 2 H St 21, (15)
L k=0

which does not contain any discretion. Then in (11) considering

I _ Y2 a2
===

y1 o ar’
we get
o =1
2 ‘
hi:all_[lgs,222. (16)
s=

Finally, putting the expression (14) for y? into (13) for the solution of the Cauchy problem
we get

1—1
yi = oy [ hm,i>3. (17)

m=2

Thus, the followin theorwm is proved.

Theorem 2. Within the terms of Theorem 1. if ag, a1 # 0 and s are the given real constants,
then the solution to the Cauchy problem is of the form (1), (14), (17). Here h; are defined by
(16) and g; are defined by (15).

Boundary value problem. Now we consider the following boundary value problem for
the equation (1) at the values 0, N — 3 of ¢

[I1] I
1

w1 = o,y = Byn = . (18)

Then considering the first two conditions from (8) and (11) we get

i—1
gi=a[feix>1 (19)
k=0

Here g;,yn and h;, i > 2 are defined unequivocally. Then, taking into account the third condi-
tion from (18) in the general solution (13) for yo we get linear algebraic equation
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Let’s define y, from (20)

0
N-1, -
Hm:2 hm
The solution to boundary value problem, puting (21) into (13) for the solution of problem
(1),(18) we get

Y2 = (21)

m m=2 m=i

Thus the following theorem is proved.

Theorem 3. Within the terms of Theorem 1 if the data «,  and yof boundary conditions (18)
are real constants satisfuing o # 0,8 # 0 and the conditions g; # 0,1 > 1;h; # 0,1 > 2 are
fulfilled then boundary value problem (1), (18) has unique solution defined by expression (21).

Now for the values 0 < i < N — 3 to the considered equation (1) we assign the boundary
condition below

y():avyl:vaN:f% (23)
where a, B and vy are the given real numbers (Pashavand & Aliyev, 2015).

Therefore, by putting the third boundary condition into the general solution for y» we obtain

N-1
m=2

As result, they are determined by means of the dependent (11). Therefore, by writing the

expressions (24) to (11), we get:
N-1 y m—1
2
o T2 ). 2
o\ M1
m=2

s=1
Here h; are defined (11) dependendly on ygl].

So if we write (8) into of (25) and consider (23) we get

ST )

(N—-1)(N-2) W N—1m—1s—1

== ;N(N—y;) ' H H ka'

m=2 s=1 k=0

From the last we get

N(N-1) 'VBN(N_Q)

Yo = T
N-DN=2) N1 p-1
o 2 ’ Hp:2 Hs:l

It also implies
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_ N(N-2) ’VBN(N72)
Y2 = 2 (N—1D(N-2)
2 .

(01

N—1 y7p—1 s—1
Hp:2 Hs:l k=0 fk
2
B (’)/BN(NZ)@_ (N*1>2(N*2> > N(N-1)
- N-1 p—1 s—1 :
Hp:Q Hs:l k=0 fk

Then the solution of boundary value problem (1), (23) can be obtained from (13) as follows

(26)

2
’yﬂN(N_Q)a(N1>2(N2>> N(N—-1) j—1

Y; = N—1 1 1 ' H hma] > L. <27)
( Hp:2 H§:1 Z:o Jr m=2
Considering boundary conditions (23) and expressions (26) obtained for ys hy, are defined from

(11) as follows
2
(S -
m= 3 N—1 yp—1 7ys—1 ’ Gn-M = &
ﬁ p=2 ngl Hi:ﬁ fk n=1

Here g, are defined from (8) considering boundary conditions (23) and expression (26) obtained
for yo as follows

(N-1D)(N-2)
_W-D(N-2)

a (,yﬂN(N—Q)a
9s = 75 - iy pe——
A\ L5 TS Tz e

Thus the following result is proved.

N(]\?fl) s—1
) I fers =1 (29)
k=0

Theorem 4. Within the terms of Theorem 1, if the data o, 8 and v of the boundary condition
are real constants, the condition fi, # 0 is fulfilled and (26)-(29) are defined, then there exists a
solution to problem (1), (23) given in the form (27).

Note 1. The solution we obtained for the boundary value problem is not unique. So that, the
solution (26) we obtained for y, is not uniqgie and is obtained from the algebraic equation of
order N(];fl). By virtue of the main theorem of algerba this algebraic equation has number of

slutions.

3 Conclusion

In the paper the Cauchy and boundary value problems for the third order equation with dis-
crete multiplicative derivatives are considered. The analytical expressions are obtained for the
solutions of these problems.
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